HARMONIC MORPHISMS ON CONFORMALLY FLAT 3-SPHERES 

SEBASTIAN HELLER 



Abstract. We show that under some non-degeneracy assumption the only submersive 
harmonic morphism on a conformaUy flat 3— sphere is the Hopf fibration. The proof 
involves an appropriate use the Chern-Simons functional. 



1. Introduction 

Harmonic morphisms have been the subject of intensive investigations [BWj . They give 
rise to an overdetermined system of differential equations, namely they are harmonic 
and horizontally conformal. There exist many rigidity results, for example on space forms 
harmonic morphisms are classified, see |BW| for dimension 3 and [Br] in general. Moreover 
in case of fibers of dimension one, there exists a local structure theorem for the metric on 
the domain. From this one can see that a Riemannian 3— space of non-constant curvature 
possesses at most two different foliations which become harmonic morphisms locally, see 
[BW2] and [BW3] . 

In the present article we give the answer to another question concerning harmonic mor- 
phisms: Which conformally flat metric on a 3— sphere gives rise to a globally defined 
harmonic morphism? We show, under a natural assumption, that the only conformally 
flat metric on which posseses a submersive harmonic morphism onto a surface is the 
round metric, and that the map must be the Hopf flbration up to isometrics. This result 
should be compared with a paper of Pantilie [P| where the case of harmonic morphisms 
on conformally flat domains of dimension n > 4 is investigated. As the condition of 
being conformally flat on a space of dimension n > 4 is totally different to the case of 
3— dimensional manifolds, the methods therein are different from ours. 

The author would like to thank his thesis supervisor Ulrich Pinkall. 

2. Harmonic Morphisms on 3-Manifolds 



We give a short introduction to harmonic morphisms. We refer the reader to the mono- 
graph |BWj for a detailed study. We compute the curvature of the 3— dimensional domain 
of a submersive harmonic morphism. 



2.1. Harmonic Mappings. Let / : (P, g) (M, h) be a smooth map between Riemann- 
ian manifolds. The energy functional of / is given by 

EU) :=^^||d/f volp. 
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It is a generalization of the energy of real- valued functions and one defines harmonic maps 
as the critical values of this functional. Both, the functional and the Euler-Lagrange 
equation have the same shape as for functions: Consider the differential of / as a section 

d / E T{P;T*P(S) f*TM), 

and equip the bundle with the product connection of the Levi-Civita connection on T*P 
and the pullback /* V of the Levi-Civita connection on TM. Note that in case of functions, 
i.e. (M, h) = (M, <, >), the product connection on T*P (g) TR ^ T*P equals the Levi- 
Civita connection on T*P. 

Proposition. A map f : {P,g) {M,h) between Riemannian manifolds is a harmonic 
map if and only if the tension field 

T{f) ■.= tvVdf GT{f*TM) 

vanishes. 

A proof can be found in [EWj or [J]. In the case of functions, the tension field is given by 
the negative of the Laplacian so both definitions coincide. 

There has been much research on harmonic maps. For example the problem of finding a 
harmonic map in the homotopy class of a given map. But we are merely interested in a 
special class of harmonic maps, which we study by using different methods than usually 
done for harmonic maps. 

2.2. Harmonic Morphisms. A harmonic morphism is a map 

/: {P,g)^{M,h) 

between Riemannian manifolds, such that for any locally defined harmonic function u: U <Z 
M — > M the composition n o / is harmonic on 'k~'^{U) C P. 

Of course, constant maps are harmonic morphisms. Further holomorphic maps between 
Riemannian surfaces or isometries are harmonic morphisms, too. The composition of two 
harmonic morphisms is again a harmonic morphism. Therefore, in the case of a surface 
as target space, a map is a harmonic morphism for a metric on the surface if and only if 
it is one for any other metric in the same conformal class. This allows us to speak about 
harmonic morphisms into Riemannian surfaces. 

Definition. A submersion tt: P ^ M between Riemannian manifolds is called conformal 
if for all p G P the differential dpvr: TC — > T^(^p-jM restricted to the horizontal space 
7i = ker d vr-'- is conformal. 

With this we state the following useful characterization of harmonic morphisms given by 
Fuglede ([^) and Ishihara ( [Is] ) . 

Theorem. A submersion between Riemannian manifolds is a harmonic morphism if and 
only if it is harmonic and conformal. 

This can be reformulated in a more appropriate way for our propose here. In case of 
submersions from 3— manifolds to surfaces the fibers are curves, and the tension is given 
by (the projection of) the geodesic curvature. 

Theorem 2.1 ([BE]). A submersion vr from a Riemannian 3— space {P,g) to a Riemann- 
ian surface (Af, [h]) is a harmonic morphism if and only if it is conformal and has minimal 
fibers. 
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2.3. Curvature of Fibered 3— Manifolds. Instead of working witli tlie metric on P for 
whicli vr is a liarmonic morphism we change it by a conformal factor such that vr becomes 
into a special Riemannian submersion. We first collect some basic facts of Riemannian 
submersions, for details see [B^. 

We will mainly discuss the case on hand: Let vr : (P, g) (M, h) be a Riemannian sub- 
mersion between oriented Riemannian manifolds of dimension 3 and 2. The geometry of 
the total space of a Riemannian submersion is determined by the geometry of its fibers, of 
its base space and of the horizontal distribution Ti := kerdTr-*". Let V be the Levi-Civita 
connection on P, and let 

T G r(P;V) C r{P;TP) 
be the unit length vector field in positive fiber direction. The geodesic curvature of the 
fiber is given by VtT. 

To relate the geometry of the base to the one of the total space, we will use orthonormal 
vector fields 

A, B e T{U]TM) 
defined on an open subset U <Z M together with a function 

A: [/ C M ^ M 

such that e'^{A + iB) is a holomorphic vector field on the surface. This condition is 
equivalent to [e'^A, e'^B] = 0. Note that the Gaussian curvature of the surface is given by 
= AA. We denote by 

A, Be r{-K^\u),n) 

the horizontal lifts of A and B, i.e. the unique horizontal vector fields which are vr— related 
to A and B. 

The curvature of the horizontal distribution, i.e. the obstruction of the horizontal bundle 
being integrable, can be identified with a real valued 2— form 

n G nHPy, {X,Y) ^ -g{[7r^{X),n^{Y)],T), 

where tt"^ is the orthogonal projection onto the horizontal space Ti . This form is horizontal, 
and because the base is of dimension 2 we can use the metric and the orientation to define 
the curvature function H of the horizontal distribution by the formula 

(2.1) n = Hn*volM, 

where vol a/ is the volume form of the surface. In terms of the vector fields A and 13 the 
function H is given hy H = —g{[A, B],T). 

Let 

J € End(rP); X ^TxX 

be the CR structure of the Riemannian submersion vr, i.e. J^{A) = 13, J{B) = —A and 
J{T) = 0. With these notions the Levi-Civita connection is given by 

Proposition 2.2. The Levi-Civita connection on a Riemannian fibered 3— space is given 
in terms of the vector fields T,A,B by 

VT=]^HJ+VTT®g{.,T) 

VA = B0g{., ^HT + J grad X)+T0g{., ^HB - giVrT, A)T) 
VB = -A0 g{., \hT + J grad \)-T®g{., ^hA + giVrT, B)T). 
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The computation above is a special case of the formulas of O'Neil for Riemannian sub- 
mersions, see fB\, and just involves the use of the Kozul formula for the Levi-Civita 
connection. 

It is well-known that in dimension 3 the Riemannian curvature tensor R is entirely given 
by the Ricci tensor. For details of the decomposition of the Riemannian curvature tensor 
see [GHLj . For our purpose it is useful to work with the so-called Schouten tensor 

S ■=Ric- ^scal Id G End(rP) 

instead of the Ricci tensor. For example, 

R = -S-g, 

where • is the Kulkarni-Nomizu product, and where we consider all tensors to be bilinear 
or multilinear forms, respectively. 

We only state the formulas for the Schouten tensor, which can be computed easily. 
Proposition 2.3. The Schouten tensor of a Riemannian fibered 3— manifold is given by 

S{T, T) ={-\k + Ih^ + \ div VtT), 

5(r, X) =g{J{HVTT - ^ grad^ H),X), 

S{X,Y) ={-Ih^ + \K)g{X,Y) + ^g{V x J VtT, J Y) 

+ ^5(V J VtT, Y) + ^g{VTT, J X)g{VTT, J Y) 

-^g{VTT,X)g{VTT,Y), 
where X, Y are horizontal vectors, and T, H and K are as above. 

In case of a Riemannian submersion which is also a harmonic morphism, the geodesic 
curvature of the fibers VtT vanishes. Moreover the function H will be constant fiber- 
wise. For a more detailed study see |He2] . The situation we are considering here is 
different: We only know that there exists a conformal equivalent metric such that vr is a 
harmonic morphism. This also gives a constraint on 'VtT. In the following we use the 
horizontal gradient 

grad'^ := tt^ o grad . 

Then 

Lemma 2.4. Let vr: {P^,g) (M^, [h]) be a submersive harmonic morphism such that 
its horizontal distribution has nowhere vanishing curvature. By a conformal change g of 
the metric on P and with a metric h £ [h] on M, tt is a Riemannian submersion, such 
that the mean curvature of the fibers is given by 

VtT = - grad'' log if 

with respect to the new metric. For this metric, the function 

peM^ [ ^g{;T) 

is constant on the surface. We fix that constant to be ztyr where the sign only depends on 
the orientations, then g and h are unique. 
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Proof. Let g and h be metrics in the given conformal classes such that vr is a Riemannian 
submersion. Note that these metrics are unique up to the multiphcation by the same 
function defined on M. As the metric changes by the factor e^"^ : M — > M, the curvature 
function H changes by the factor e~'^. By changing the orientation either on the total 
space or on the surface we can always assume H > 0. Hence there is an unique choice of 
the metrics g and h such that 




It remains to show that for this choice of g and h the geodesic curvature of the fibers is 
given by VtT = — grad^ log H. In 12.11 we have seen that by changing the metric (7 in a 
suitable way the mean curvature of the fibers vanishes. Using the formula for the Levi- 
Civita connection for a conformal change of the metric we have that this is equivalent to 
the existence of a function A: P ^ M such that VtT = grad A. 



Let A, B be the horizontal lifts of positive oriented orthonormal basis fields A, B on the 
surface. As A is a horizontal lift, the commutator [A, T] is vertical and we get 

[i, T] = V^T - VtA = -giVrA, T)T = g{A, VtT) = A-XT, 

and similarly [-B,T] = B ■ XT. By definition, we have H = —g(T,[A,B]). The Jacobi 
identity for commutators of the vector fields A,B,T yields 

T - A = -T-logH. 

Hence, A = — log H + f on, where / is some function defined on the surface. If we change 
the metric g by the factor e^^, the fibers become geodesies, thus all of them have the same 
length with respect to the new metric. We obtain 

const = [ ~g{.,f) = [ e^g{.,T) 

= j ^ ^^f^-'^) = 

Thus / must be constant and consequently V^T = — grad'^ log H. □ 

Of course, with of VtT = — grad'^ log H the formulas for the Levi-Civita connection and 
the Schouten tensor simplify. We do not state them here, but we will use these formulas 
later, see chapter [H 



3. The Chern-Simons Invariant and Conformally Flat 3-manifolds 

Our proof of the rigidity theorem 14.51 uses a global invariant of conformal 3— manifolds. 
In their paper, [CS| . Chern and Simons introduced a geometric invariant of connections. 
Their theory plays an important role in the topology and knot theory of 3— manifolds, since 
Witten has shown its connection to the Jones polynomial. We will only work with the 
Chern-Simons functional for Levi-Civita connections here, see |Ch| . We shortly describe 
the geometric significance of the Chern-Simons functional in conformal geometry. There 
is a related obstruction to a metric to be conformally flat. We compute this for our case 
on hand. 
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3.1. The Chern-Simons Functional. We first recall some formulas for the Levi-Civita 
connection and the Riemannian curvature in terms of frames. Consider a locally defined 
section s £ T{U;0{P)) of the orthonormal frame bundle 0{P) — > P of a Riemannian 
space {P,g)- The vector fields Xi = s{ei) define an orthonormal basis of TpM for all 
p £U <Z P. Consider the dual 1— forms Oi = g{.,Xi). Their collection (9i) is the canonical 
form 6s along s G T{0{P)). Cartan's method of moving frames gives us a skew symmetric 
matrix of 1— forms (coij) defined by the formula 

d0j = — UJij A 9i . 

i 

They are related to the Levi-Civita connection form u) S r2^(0(P), 5o(n)) by 

s*ijj = {ijJij) £ 0,^{U,5o{n)). 
The UJij can be obtained from the covariant derivatives of the Xj via 

VXj = ^uJij(g)Xi. 

i 

The so (n)— valued curvature 2— form can be computed from s*Q = {^ij) with 

(3.1) ^ij = dujij + J2^^k/\ ojkj = \Y1 R{Xk,XuXi,Xj)e^ A e\ 

k k,l 

where R is the Riemannian curvature tensor. 

Let P always be a compact oriented 3— manifold with trivial tangent bundle. We are going 
to use the bundle SO(P) ^ P of oriented orthonormal frames instead of 0{P) P. 

Theorem. Let g be a metric on P and uj £ fl^{SO{P),5o{3)) be the Levi-Civita connec- 
tion. For any section s: P — > SO(P) we set 

I f 1 1 

CS(P, g, s) := — ^ / tr( s*uj As*duJ s*uj A s*uj A s*uj) 

Svr^ Ip 2 3 

(3.2) 1 7 1 1 

= — ^ / tr( s*uj As*^l.+ -s*uj As*uj As*uj). 

Stt^ Jp 2 6 

The functional only depends on the conformal class of g and on the homotopy type of s. 
Consequently, the Chern-Simons functional 

(3.3) CS{{P, [g])) := CS{P, g, s) mod Z G R/Z 
is a conformal invariant. 



A proof can be found in jCS J. We will use this result to compute some useful integrals 
explicitly. 

3.2. Conformally Flat 3— Manifolds. A Riemannian manifold (P, g) is conformally flat 
if there exists a local conformal diffeomorphism into the sphere equipped with its round 
metric around each point. This is equivalent to the existence of a locally defined function 
A such that e'^^g is flat, see |KPj or [HJj for more details. 

In case of dimension 2, every metric is conformally flat. This is based on the fact that 
a metric together with an orientation give rise to an almost complex structure. For 
dimensional reasons this is in fact a complex structure. Therefore there exists holomorphic 
charts, which are of course conformal. 
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There exists metrics which are not conformaUy flat. For dimensions n > 4 being confor- 
mally flat is equivalent to the vanishing of the Weyl tensor W, which is the reminder in 
the general curvature decomposition 

R = -S . g + W. 

The condition in dimension 3 is of a higher order: Consider the Schouten tensor S G 
End(rP) as a TP— valued 1— form on P. The Levi-Civita connection on P gives rise to 
the absolute exterior derivative 

: n''{P; TP) n^'+^P; TP). 
Then a metric is conformally fiat if and only if 

cf'S = 0. 

It turns out that this is exactly the Euler-Lagrange equation for the Chern-Simons func- 
tional: 

Theorem 3.1 ( |CSj ). The critical values CS{P, [g]) of the Chern-Simons functional are 
exactly the conformaUy flat spaces {P, [g]). 

It is possible to deduce from the obstruction d^ S" = a system of differential equations in 
terms of the geometric quantities H, K, and V^T of a Riemannian submersion. We only 
state a formula for one part of this equations. For this we need the horizontal Laplacian 

A'^ := — divograd'* . 

Then 

Proposition. A necessary condition for a Riemannian fibered 3— manifold to be confor- 
mally flat is 

(3.4) = A'^H + g{VTT,gradH) + 2H{H^ - K+ \\ VtT f) + 3H divVrT. 

In case VtT = — grad'' log H this equation turns into 

=2A^H + 25(grad^ grad'' log H) + H{H'^ - K) 
(3-5) , „ 

=2H/S^ log H + H{H^ - K). 

Proof. One easily computes that the right hand side of l3.4l equals 2g{dy S{AaB),T), which 
is a component of the absolute exterior derivative of the Schouten tensor. It vanishes on 
conformally flat 3— spaces. 

The second equation follows easily by putting VtT = — grad'^ log H into 13. 4[ □ 

4. Harmonic Morphisms on Conformally Flat 3- Spheres 

We will now study harmonic morphisms on a conformally flat 3— sphere under two as- 
sumptions: We only consider submersive harmonic morphisms, and we restrict ourselves 
to the case where the curvature of the horizontal distribution is nowhere vanishing. The 
latter is exactly the case where the induced CR structure on 5^ is strictly pseudo-convex. 
Note that this is equivalent to the fact that the equation 13.41 is hypo-elliptic, see |Hoe] . 

By changing one of the orientations either on the 3— space or on the surface ,the curvature 
function H (j2.ip of the horizontal distribution changes its sign. So we will assume in the 
following that H > 0, and we say that the horizontal distribution is of positive curvature. 
Note that this is exactly the case where the submersion is homotopic to the Hopf fibration. 
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For the rest of the paper we are going to use the metrics given by 12.41 

Proposition 4.1. Let vr: {S'^,[h]) be a submersive harmonic morphism such 

that its horizontal distribution has positive curvature. Let g on and h on S'^ be given 
as in\2.4\ with corresponding volume forms V0I53 and V0I52 . Then we have 



and consequently 



V0I52 = TT, 

52 



Proof. Recall that H > 0. Set 6*3 = g{.,T). Then the equation VtT = - grad'' log ii" 
together with a short computation imply 

d -^93 = TT* V0I52 . 

Because of J^-if^p^ jjOs = 27r, the flow of gives rise to a principal S"^— bundle vr: ^ 
5^, and one easily sees that 

0. := 

is a principal connection form. Then the curvature form of this connection is given by 

$7 = 2 V0I52 . 

But the degree of this bundle is —1, and can be determined as 

-27rdeg(53^52)= / di^O^) = [ 2V0I52 . 

Js2 H Js-2 

Therefore J^2 V0I52 = vr, and J^g V0I53 = vr vol5'2 = vr^ by Fubini. □ 

We are going to compute the Chern-Simons functional in terms of the geometric quantities 
H, K and VtT = -grad^logi?. For this we need the following observation: 

Lemma 4.2. Let -n: ^ S"^ be a Riemannian submersion and X G T{S^.,'H) be a 
horizontal vector field of length 1. Then the mapping degree of 

p G 7r~\q) ^ dpTT{Xp) £ C TgS^ 

is ±2 for each fiber, where the sign is given by the sign of the degree of the bundle it. 

Conversely, let U <Z S"^ be a nonempty open set such that S'^\U is simply connected with 
nonempty interior. Let A be a non-vanishing vector field of length 1 defined on U C S'^, 
and e**^ : 7r~^{U) be a map. Then 

cos if A + sin (pj A 

can be extended to a globally defined, non-vanishing, horizontal vector field of if and 
only if the mapping degree of e*'^ is ±2 for each fiber, with the same sign as above. 

Proof. Every submersion of is homotopic to the Hopf fibration, which has degree —1, 
or to the conjugate Hopf fibration with degree 1. Both of them differ only by orientation, 
thus the proof of the lemma reduces to one of these cases. 

The fibers of the conjugate Hopf fibration are given by the oriented integral curves of 
the left invariant vector field I, and for the left invariant horizontal field J, the mapping 
degree of the projection is 2 for each fiber. Every other horizontal vector field is given 



HARMONIC MORPHISMS ON CONFORMALLY FLAT 3-SPHERES 



9 



hy X = e^'^J for some well-defined e**^ : — > S^. Further we have that is simply 
connected, hence the logarithm 93: S*^ — > M is well-defined, too, and consequently X also 
has degree 2. 

The proof of the inverse direction follows easily by reversing the arguments. □ 

Proposition 4.3. Let g be the conformally flat metric on as in \2.4\ Let T he the 

unique vertical vector field of length 1 in positive fiber direction and let X, Y he horizontal. 
Then the Chern-Simons functional with respect to the positive oriented orthonormal frame 
s = (X,y,r), is 

8n^CS{S\g,s)= [ 4:| - vol^a, 

where K is the Gaussian curvature of the surface and H is the curvature function of the 
horizontal distribution. 



Proof. Let A,B he a positive oriented orthonormal frame on V := S'^ \ {p} for some 
p S"^, and let A : y — > M be a function such that e^{A — iB) is holomorphic. We denote 
their horizontal lifts by A and B, too. For any frame s = (X, y, T), there is a function 
e'"^: 7r-i(y) M with X + iY = e*^(^ + iB). By using [221 we compute the following 
connection forms for the frame s = (X, Y, T) : 

uj^ =j*dX-^He3-df, 

(4.1) = -^He2 + g{VTT,X)es, 

uj^ =^He, + g{VTT,Y)95, 

where 

01 = cos if gi.,A) + sin ip g{.,B), 62 = - sin 99 g{., A) + cos g{., B), 63 = g{.,T) 

is the dual frame of X, Y, T. With the arguments used in 13.11 and \7tT = — grad^ log H, 
we compute the integrand /i of the Chern-Simons functional on 7r^^{V) : 

/i ={Ih{H' -K)+T- p{^H' -K) + \^^H 

+ ^(grad H, J grad Lp — grad A + 2 grad^ log H) V0I53 . 

A necessary condition ([53]) for g to be conformally flat is = 2i? log H + H{H'^ - K). 
Thus we obtain 

/X ={-\h{H^ -K) + T- 9.(1^2 - K) 
3 

— 2^^^ + Srad (f — grad A) V0I53 . 

For n G N we set Un := TT-^{Bn), where the B„ C B^+i C V = \ {p} are open, 
connected, and simply connected subsets with piecewise smooth boundary, such that 
lim„^oo Js2\B V0I52 = and Bn 7^ S'^. These sets will be specified later on. 

Let r] £ Q^{V) be a 1— form on the surface such that drj = 4V0I52 . We also denote the 
pull-back TT*r] by r/. We claim that there exists a map 
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with dip = rj—jjO^. To prove the existence of e**^, note that d(r/— -^^3) = by construction 
of r/, and that 

/ 7? - -^6*3 = -47r G ker(t 1-^ e**) 

for any generator 7r~^(g), q ^ p, oi the first fundamental group of 7r~^(y). We have shown 
in l4.2l that there exists for each Un a globally defined orthonormal frame s„ = s = {X, Y, T) 
with X = cos ipA + sin ipB on Thus 

87r^CS'(5^,g,s) = / fi = limn^oo / 

Ju„ 

n^oo Jij^ Z HZ Z 

(4.2) + lim ^ / (- J^*r/-dA) 

= hm / (^-ii73)voi^3+ lin, 1 /" ^,(_^*^_dA) 

= 1 (^-^i?')vol53+ hm i / i7*(-J*r?-dA), 

where the third equality follows from 

5{J* T] + d\) = K - A - g{d\o^H,J* T] + d\) 
and the following application of Stokes for each n G N : 

/ ^((grad H, J grad ip — grad A) vol 
= / J^* 77 - d A) vol 

+ / i^* (- J*7?-dA) 

= / if(4 — K) +5r(gradiJ, gradA — J'gradyj) vol. 
+ /" (- J*7?-dA). 

It remains to show that lim„^o ^qu H * {— J'* rj — d X) = 0. Let the function h: 5^ ^ M 
be defined by 



Note that for any form a £ il,^{S'^) we have *Tr*a = ir* * a A63. We apply Fubini to obtain 



(4.3) 



/ H*{-J*rj-dX)= [ H*{-J* 

= - h{r] + *dX), 

JdB„ 



r]-dX) 



where the Hodge star * in the last line is the one on the surface. On y C S*^ it is 

d(r? + *dA) = (4-K)vol52. 
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By using [^TT] and Gauss-Bonnet we have 

/ (4 - K) V0I52 = 0, 

thus (4 — K) V0I52 is an exact differential form on by Hodge theory, i.e. there exists 

a G n\s^) 

with da = (4 — K) V0I52 . Therefore, on V we have 

rj + *dX = a + P, 

where /? is an appropriate closed 1— form on V. Since V is simply connected we have 
/? = d / for some function / : F — > M. Because of Stokes theorem, and because a and h 
are defined on the whole of 5*^, we obtain 

(4 4) lim / ha = - \im d{ha) = 0. 

The only term left in (j4.3p to investigate is limn-^oo Jg ^ hdf. We consider two cases: 
In the first the function h has an isolated critical point or is constant on an open set. 
Then, there are closed embedded curves 7„: S*^ — > S'^ and a point p ^ S"^, such that 
h is constant along each 7„, and such that lim^^oo vol(-B„) = V0I52, where Bn is the 
component of S"^ \ im7„ with p ^ B^- It follows immediately that 

lim / /id/ = ±lim / /id/ = 0. 



In the other case, there is a point p ^ S"^ with grad^ /i 7^ 0. Furthermore, there exists a 
small neighborhood V around p such that / is bounded on S'^\V and for each c G M the 
set h~^{c) n y is empty or consist of the image of a smooth, connected and open curve. 
In fact, one can choose V together and diffeomorphism 

x: V ^ Ix]h{p) — e; h{p) + e[ 

for an open interval / =]a;b[, such that hox^^{I x {c}) = {c} for all c £]h{p) — e; h{p) + e[. 
We may assume that x can be extend to a diffeomorphism defined on an open neighborhood 
of the closure of V. Let 

Brr := \ x~\[a, b] x [h{p) - -; h{p) + -]). 

n n 

Then lim^^oo vol(i?„) = vo^S*^) and its boundary 7„ is a piecewise smooth, oriented and 
closed curve which consists of the points 

im7„ = ax"^([a,6] x [h{p) - -■,h{p) + -]). 
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With c„ := h{p) - ^ and d„ := h{p) + ^ we get 
lim / hdf = — lim / hdf 



- lim {Cn{f{x-Hb,Cn)) - f{x~\a,Cn))) 
n—KX) 

+ dnU{x-\h, dn)) - f{x-\a,dnm 



n— >oo 



lim / ^ d / 

" /x-l({fe}x[c„;d„]) 



+ lim / hdf = 

because / is bounded on S'^ C V. □ 
Corollary 4.4. Let g he the conformally flat metric on given by \2.4\ Then 

H^vol = levr^. 

Proof. As -?/ > 0, vr is homotopic to the Hopf fibration, and the induced frames are 
homotopic with the same Chern-Simons functional. But in case of the Hopf fibration it 
is easy to compute the Chern-Simons functional for the induced section s = ( J, K, I) e 
SO(S'^) : One easily checks H = 2, K = A and /^a V0I53 = 27r^, thus 

CS{S , ground} S) = 1. 

With Ol and 

K ^ f , 2 

— vol = / ttKvoIs2 = An , 
53 H Js2 

one obtains 



53 

□ 

We are now able to classify submersive harmonic morphisms from a conformally flat 
with nowhere vanishing horizontal curvature. 

Theorem 4.5. Let ir: {S^,g) iS'^,h) be a submersive harmonic morphism of a con- 
formally flat {S^,g). Assume that the curvature of the horizontal distribution is nowhere 
vanishing. Then g is the round metric andir is, up to isometrics ofS^, the Hopf fibration. 

Proof. Again we can assume that H > 0. As the metric g on is conformally flat, we 
can use 13.51 

= 2HA^ log H + H{H^ - K). 
By dividing this equation by and then integrating it, we obtain 

0= /" -^{2H A'^ log H + H{H'^ - K))wo\sz 
J S3 

= - [ -^11 grad'^F Ip vol^a + / Hvols3 -Att'^. 
J S3 H-i J S3 
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This shows that 

/ i?vol>47r2 
with equahty if and only if grad'^ H = 0. 

Consider the measure = vol on S^. Then the Cauchy- Schwartz inequality. I4.1l and l4.4l 
give us 

/ Hvo\= [ H^fi<i[ H^f^)H f iV)^ 
Js3 Js^ Js^ Js^ 

= { [ H^Yol)^{[ — vol)5 = Vl67r2\/^ = Att^. 

Therefore, J^^ H = 47r^ and grad'* = 0. If gradp / for a point p G S^, the level sets of 
H near p would be integral curves of the horizontal distribution 7i which is a contradiction 
to the non-integrability of the horizontal distribution 7i measured hy H > Q. Thus, H is 
constant and Vt?" = 0. Using [331 14.11 and 12.31 one obtains that g is of constant curvature 
and the fibers are circles. The theorem then follows from |BW] or [He3] . □ 

We have the following Corollary 

Corollary 4.6. Let P = L(d] 1), d 0, be a lens space and tt: P ^ S'^ be a submersion. 
Let g be a conformally flat metric on P such that it is a harmonic morphism. Assume 
that the horizontal distribution has nowhere vanishing curvature. Then g is of constant 
curvature, and vr factorizes the Hopf fibration (up to isometrics). 

Proof. The universal covering of P is S^. Therefore theorem 14.51 shows that the composi- 
tion of the covering map and vr is, up to isometries, the Hopf fibration. □ 
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